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Part B: The Completion Report

5. Project Objectives

5.1 Objectives as per original application

1. Well-posedness theories for some complex kinetic systems;
2. Exterior problem for kinetic equations without angular cutoff;

3. Formation of patterns and propagation of singularities;
4. Global solutions to fluid models with large data.

5.2 Revised Objectives
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6. Research Outcome

Major findings and research outcome
(maximum 1 page; please make reference to Part C where necessary)

The major research findings and outcome were written in seven research papers, six of
them have been published in refereed international journals, such as Journal of European
Mathematical Society, Archive for Rational Mechanics and Analysis. Some detail of these
papers is given as follows.

The first paper is concerned with the Cauchy problem of the one-dimensional compressible
Navier-Stokes equations with degenerate temperature dependent transport coefficients that
satisfy conditions from the consideration in kinetic theory. A result on the existence and
uniqueness of globally smooth non-vacuum solution is obtained and the perturbation can
be large if the adiabatic constant is close to one.

The second paper aims to estimate the thickness of the boundary layer for the planar MHD
system with vanishing shear viscosity. Under some conditions on the initial and boundary
data, we show that the thickness is of the order close to the square-root of the shear
viscosity coefficient.

In the third paper, both the global well-posedness for large data and the vanishing shear
viscosity limit with boundary layer to the compressible Navier-Stokes system with
cylindrical symmetry are studied under a general condition on the heat conductivity
coefficient. The thickness of the boundary layer is proved to be almost optimal. Moreover,
the optimal L1 convergence rate in term of shear viscosity is obtained for the angular and
axial velocity components.
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The spectrum structures and behaviors of the Vlasov-Maxwell-Boltzmann systems for
both two species and one species are studied in the fourth paper. The analysis shows the
effect of the Lorentz force induced by the electro-magnetic field leads to some different
structure of the spectrum from the classical Boltzmann equation and the closely related
Vlasov-Poisson-Boltzmann system. And the major difference between the two-species
VMB model and one-species VMB model are given. The structure in high frequency
illustrates the hyperbolic structure of the Maxwell equation. Furthermore, the long time
behaviors and the optimal convergence rates to the equilibrium are established.

Note that the Boltzmann H-theorem implies that the solution to the Boltzmann equation
tends to the equilibrium, that is, a Maxwellian when time tends to infinity. This has been
proved in varies settings when the initial energy is finite. However, when the initial energy
Is infinite, the time asymptotic state is no longer described by a Maxwellian, but a self-
similar solution obtained by Bobylev-Cercignani. The purpose of the fifth paper is to
rigorously justify this for the spatially homogeneous problem with Maxwellian molecule
type cross section without angular cutoff.

The spectrum structures for the Vlasov-Poisson-Fokker-Planck and Vlasov-Poisson-
Landau systems are studied in the sixth paper together with the optimal decay estimates
on the convergence in time to a global equilibrium state in the small perturbation
framework.

The last paper is about the Cauchy problem on the one dimensional inhomogeneous non-
cutoff Kac equation. Based on the analysis on the linearized operator obtained by Lerner
et al, we first prove the existence of global solution to the equation around a global
Maxwellian by combining two sets of macro-micro decomposition. Then by using the
dissipative norm of the linearized operator in the fractional Hermite-Sobolev space and by
using the perturbation theory, the spectrum structure of the linearized Kac equation will be
given. Based on this, the optimal time decay estimate for the nonlinear Kac equation is
obtained.

Potential for further development of the research and the proposed course of action
(maximum half a page)

The objectives of this project are to investigate some fluid and kinetic equations about their
well-posedness and large time behavior. With the results obtained in this project, studies
can be further pursed in the following directions. First of all, even though the well-
posedness theories for fluid models with large initial data have been intensive studied,
many challenging problems remain unsolved. One of the most outstanding problems is the
millennium problem on Navier-Stokes equations. Even though it is not clear that the
research of this project is related to this famous problem, the analysis and approach
developed can be applied to some related problems with large perturbation. Secondly, the
spectrum structures of the linearized equations around a global equilibrium state have been
studied for several kinetic systems in the project With this, one can further study the Green
functions and the pointwise structure of solutions to these kinetic systems. In terms of large
time behavior of the Boltzmann equation with infinite energy that does not follow from the
famous H-theorem, one can further study the cases of soft potentials. In addition, it is noted
that there is no global in time self-similar solution of infinite energy for the spatially
homogeneous Boltzmann equation with hard potential. On the other hand, the solution is
expected to gain moments immediately in positive time. Hence, how to establish the well-
posedness of the measure value solution with infinite energy initial data is an interesting
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problem and it may reveal some new mechanism about the sudden change of solution
behavior of kinetic equations.

7. The Layman’s Summary

(describe in layman’s language the nature, significance and value of the research project, in
no more than 200 words)

Physics study of gas and fluid provides many mathematical models. For example, in the
macroscopic scale, the Euler equations and Navier-Stokes equations are the most famous
systems. In the microscopic scale, the motion is governed by the coupled Newton equations.
Although the Newton equation is the first principle of the classical mechanics, it is not of
practical use when the number of the equations is enormous. Thus, the Kinetic theory that gives
the mesoscopic description is a key theory that links the microscopic and macroscopic models.
The most fundamental kinetic equation is the Boltzmann equation. In fact, the relation between
the Boltzmann equation and the classical systems of fluid dynamics is revealed by the Hilbert
and Chapman-Enskog expansions. And the study on this kind of limiting process is related to
the Hilbert's sixth problem, “Mathematical treatment of the axioms of physics”.

This project aims to study the solution behavior described by either fluid system or kinetic
equations so that the problems to be investigated have strong physical background and
challenging mathematical difficulties. The results obtained not only enrich the mathematical
theories, but also shed some light on the explanation of some physical phenomena.

Part C: Research Output

8. Peer-reviewed journal publication(s) arising directly from this research project
(Please attach a copy of each publication and/or the letter of acceptance if not yet submitted
in the previous progress report(s). All listed publications must acknowledge RGC'’s funding
support by quoting the specific grant reference.)
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